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Abstract. We modified the class code in order to include relativistic galaxy number
counts in spatially curved geometries; we present the formalism and study the effect of
relativistic corrections on spatial curvature. The new version of the code is now publicly
available. Using a Fisher matrix analysis, we investigate how measurements of the spatial
curvature parameter ΩK with future galaxy surveys are affected by relativistic effects,
which influence observations of the large scale galaxy distribution. These effects include
contributions from cosmic magnification, Doppler terms and terms involving the gravi-
tational potential. As an application, we consider angle and redshift dependent power
spectra, which are especially well suited for model independent cosmological constraints.
We compute our results for a representative deep, wide and spectroscopic survey, and
our results show the impact of relativistic corrections on spatial curvature parameter es-
timation. We show that constraints on the curvature parameter may be strongly biased
if, in particular, cosmic magnification is not included in the analysis. Other relativistic
effects turn out to be subdominant in the studied configuration. We analyze how the
shift in the estimated best-fit value for the curvature and other cosmological parameters
depends on the magnification bias parameter, and find that significant biases are to be
expected if this term is not properly considered in the analysis.
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1 Introduction
Spatial curvature is one of the most interesting parameters to measure in order to con-
strain properties of the early universe. Important constraints on the following parame-
ters have been set to describe different inflationary models in the current picture of the
primordial universe: the deviation from Gaussianity in the primordial perturbations,
quantified, e.g., by the primordial bispectrum amplitude parameter fNL and its running
nNG, the tensor-to-scalar ratio r, the spectral index of the primordial power spectrum
ns and its running αs, and the curvature parameter ΩK. The ability to constrain the
first two of these parameters has been investigated in several works by looking at both
the CMB [see e.g. 1–3] and the large-scale structure (LSS) of the universe [see e.g. 4–10],
or a combination of the two [see e.g. 11–13]. The parameter r is usually constrained
using CMB experiments [see e.g. 3, 14–16]. The primordial power spectrum parameters{ns, αs} are routinely used to test cosmological models [see e.g. 17–19].
The importance of measuring curvature as a means to constrain inflationary mod-
els has been discussed, e.g., in [20–23]. Detecting ΩK ≠ 0 would significantly limit the
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parameter space for inflationary models. One of the primary motivations for inflation-
ary cosmology was to explain the observed (spatial) flatness of our observed Universe.
Inflationary models that allow a large number of e-foldings predict that our Universe
should be very accurately spatially flat, and the effective curvature within our Hubble
radius should be of the order of the amplitude of the curvature fluctuations generated
during inflation, i.e. ΩK ∼ O(10−5).
Inflationary models with interesting open [see e.g. 24–29] or closed geometries [20]
have been considered. Even more speculatively, models with open geometries from
tunneling events between metastable vacua within a “string landscape” have been pro-
posed [30]. Observational limits on spatial curvature therefore offer important additional
constraints on inflationary models and fundamental physics. It has been shown that the
most robust implication of false vacuum decay is negative curvature [30], which can nat-
urally arise in the multiverse, while it would be difficult to understand it within standard
cosmological models without significant fine tuning. Interestingly, a discovery of positive
curvature would falsify the multiverse as we understand it. Furthermore, the exploration
of curvature may contain information about possible measures in the multiverse [22].
Let us also note that departure from flatness could be due either to a local inho-
mogeneity, or a truly superhorizon departure from flatness. In the first case, spectral
distortions can be induced at a level detectable by next-generation experiments [31].
Current measurements of the curvature parameter come from the combination of
CMB [32, 33] and LSS [34]. The SPT lensing measurements combined with 7y WMAP
temperature spectrum found ΩK = 0.0014±0.017 [35]. The Planck satellite recently con-
strained the curvature using observations of the CMB alone, finding ΩK = −0.040+0.038−0.041;
the addition of lensing reconstruction gives a substantial improvement, bringing the
constraints to ΩK = −0.005+0.016−0.017. These constraints are substantially improved by the
addition of BAO data, and the combined constraints read ΩK = −0.0001+0.0054−0.0052 [18]. The
curvature parameter has also been measured by galaxy surveys such as BOSS, which
arrived at ΩK = −0.00264+0.00466−0.00461, or ΩK = −0.00411 ± 0.01029 with more conservative
assumptions [36], and with a more recent analysis ΩK = 0.0010 ± 0.0029 [37]; WiggleZ
found ΩK = −0.0043±0.0047 [38]. Note that all the parameter estimations from LSS ob-
servations so far are based on a standard power spectrum, P (k), analysis which does not
take into account the relativistic effects studied in this work. There are also prospects
to learn about ΩK from measurements of the jerk, the third derivative of the expansion
rate. The jerk was first reported measured in [39], and the implications for ΩK discussed
in [40].
The current curvature parameter estimations show that we are not yet at the cosmic
variance limit. These measurements are more than one order of magnitude away from
the limiting threshold to which we can test the models mentioned above. Furthermore,
based on statistical arguments [41], the information coming from joint CMB and planned
future large scale structure surveys may not allow unambiguous conclusions about the
geometry of our Universe if the value of the curvature parameter is below ∣ΩK ∣ ∼ O(10−4).
In recent years there has been a significant increase in the amount and quality
of the available cosmological data, and the next decade promises to bring further sub-
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stantial improvements. It is important to understand how precisely future instruments
will constrain the curvature parameter, trying to provide insights to some of the most
profound questions regarding the primordial universe, and even providing observational
constraints for string theory models. Future galaxy surveys will probe huge cosmological
volumes by building wide [see e.g. 42, 43] and deep [see e.g. 44–46] galaxy catalogs. It
has been argued that a proper relativistic treatment will be needed in order to pro-
vide a sufficiently accurate theoretical modeling of galaxy clustering on those scales [see
e.g. 47–54]. Recently the effects of relativistic corrections on 2-point [10, 55–61] and
higher order statistics [62–64] have been studied, and methods to isolate them have been
proposed [65–69]. It is now timely to investigate the potential of large-scale effects to
measurements of the curvature parameter. Given that a Newtonian description of galaxy
clustering might lead to biased results, we pay special attention to the relativistic effects.
In this paper we describe the modification of the CLASS code1 [70–72] needed to
include spatially curved geometries not only in the computation of CMB observables
and of the matter power spectrum, but also in the part of the code dealing with the
galaxy number counts (including all relativistic effects). This part of the code was
previously developed in flat space, in a branch called classgal [73], which has been
merged into the main class public distribution since version v2.1.0. The equations
presented in this paper are included in the new release v2.5.0. We analyze to what
extent geometrical (i.e., changes in the metric) and dynamical effects (i.e., changes in
the background density parameters) due to curvature affect the angular power spectra.
We then investigate the effect of including relativistic terms on measurements of the
curvature parameter by performing Fisher matrix forecasts on tomographic angle and
redshift dependent power spectra. We assume galaxy survey specifications consistent
with a spectroscopic SKA-like [42] experiment.
The paper is organized as follows. In Section 2 we generalize the expression for
the general relativistic galaxy number counts to non-flat geometries, and in Section 3
we introduce the observable we use to constrain curvature, i.e. the redshift dependent
angular power spectra. Our results are discussed in Section 4. In Section 5 we draw our
conclusions.
2 Galaxy number counts for non-flat universe
In order to constrain the spatial curvature from LSS observations, we need to generalize
LSS probes, in particular the galaxy number counts [47–50], to non-flat geometries for
which we define the curvature K by
K = −H20 (1 −Ωtot) . (2.1)
Being the galaxy number counts observables, they are gauge-invariant, so that we have
the freedom to compute them in any arbitrary gauge. We choose to work in Newtonian
gauge,
ds˜2 = a2 (− (1 + 2Ψ)dτ2 + (1 − 2Φ)γijdxidxj) (2.2)
1http://class-code.net/
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where:
γijdx
idxj = [dr2 + S2K (r) (dθ2 + sin2 θdϕ2)] (2.3)
and:
SK (r) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1√
K
sin (√Kr) for K > 0
r for K = 0
1√∣K∣ sinh (√∣K ∣r) for K < 0 . (2.4)
We consider only scalar perturbations, i.e. the Bardeen potentials Φ and Ψ, since to
first order vector, if generated, are diluted by the expansion of the universe and tensor
perturbations are subleading and relevant only on very large scales. Nevertheless, they
might be important at second order. We mainly follow the approach of [49] considering,
however, the spatially curved the metric (2.2). We define the galaxy number counts
in terms of the direction of observation −n (where n is the propagation direction of
photons) and redshift z as:
∆ (n, z) ≡ ng (n, z) − ⟨ng⟩ (z)⟨ng⟩ (z) = δz (n, z) + δν (n, z)ν¯ (z) (2.5)
where ⟨. . .⟩ denotes the angular mean at fixed observed redshift z, ng(n, z) = dN/dz/dΩ
is the number density of sources per redshift and per solid angle and ν(n, z) = dV /dz/dΩ
is the volume density per redshift and per solid angle. We also introduced the density
perturbation in redshift space
δz (n, z) = ρg (n, z) − ⟨ρg⟩ (z)⟨ρg⟩ (z) , (2.6)
where ρg(n, z) = ng(n, z)/ν(n, z) is the galaxy density per comoving volume, and the
volume perturbation
δν (n, z) = ν (n, z) − ν¯ (z) . (2.7)
We remark that, not only the galaxy number counts ∆ (n, z), but also the density
perturbation in redshift space δz (n, z) and the volume perturbation δν (n, z) /ν¯ (z) are
gauge-invariant quantities. In the following we compute explicitly the contributions of
these two terms.
2.1 Density perturbation in redshift space
As shown in [49], the redshift dependent density perturbation can be expanded to first
order in perturbation theory as
δz (n, z) = δρg (n, z)
ρ¯g (z¯) − dρ¯gdz¯ δz (n, z)ρ¯g (z¯) (2.8)
where z¯ denotes the background redshift. In order to compute δz we need to derive, to
first order, the redshift z measured by an observer moving with a peculiar velocity vo
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and emitted by a source vs. We write the metric in eq. (2.2) as ds˜
2 = a2ds2 and use the
fact that light-like geodesics are conformally invariant, i.e., ds˜2 and ds2 have the same
light-like geodesics. We choose the affine parameters in the two metrics λ˜ = a2λ, so that
the photon geodesics are related by n˜ = n/a2. Since we have u˜ = u/a for the 4-velocities,
where u = (1 −Ψ,v), the redshift is
1 + z = (n˜µu˜µ)s(n˜µu˜µ)o = aoas (n
µuµ)s(nµuµ)o . (2.9)
Being the spatial component ui, i.e. the peculiar velocity, already at first order, and
normalizing the affine parameter λ such that n¯µ = (1,n), we just need to compute n0 by
solving the geodesic equation,
d δn0
dλ
= Φ˙ − Ψ˙ + 2∂rΨ = Φ˙ − Ψ˙ − 2n ⋅ ∇Ψ , (2.10)
where dots indicate derivatives with respect to conformal time τ . By applying the chain
rule:
dA (τ (λ) ,x (λ))
dλ
= dA (τ,x (τ))
dτ
= A˙ (τ,x) + n ⋅ ∇A (τ,x) (2.11)
where A (τ (λ) ,x (λ)) is an arbitrary first order quantity, we solve the geodesic equa-
tion (2.10)
δn0o − δn0 = ∫ τo
τ
(Φ˙ + Ψ˙)dτ ′ − 2Ψo + 2Ψs . (2.12)
This yields to
1 + z = (1 + z¯)(1 +Ψo −Ψs + n ⋅ vo − n ⋅ vs − ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′) . (2.13)
It is not surprising that the curvature does not enter explicitly in the redshift expression.
By adopting the Born approximation we consider photon traveling along unperturbed
radial geodesic, while in the metric (2.2) the curvature is confined in the generalized 2-
sphere described by the 2-dimensional metric γij ∣r=1. We neglect the quantities evaluated
at the observer position that lead to a monopole and a dipole terms depending on the
potential and the velocity, respectively. The former quantity is not observable, and the
latter cannot be treated within cosmological perturbation theory. Then, from eq. (2.13)
we obtain
δz = − (1 + z¯) (Ψs + n ⋅ vs + ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′) . (2.14)
The Bianchi identity (or ‘energy’ conservation equation) reads:
dρ¯g
dz
= 3 ρ¯g
1 + z¯ . (2.15)
This relation can be used to replace 1ρ¯g
dρ¯g
dz¯ = 1n¯g dn¯gdz¯ , but it assumes ρ¯ga3 to be constant.
To be consistent with general models of galaxy formation we need to allow for a non-
vanishing evolution term (also called evolution bias be in the literature)
fevo (z) ≡ d ln (a3n¯g)Hdτ = − (1 + z) ddz ln( n¯g(1 + z)3) , (2.16)
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so that
1
n¯g
dn¯g
dz¯
= 3
1 + z¯ − fevo1 + z¯ . (2.17)
The redshift dependent density perturbation is
δz (n, z) = δg (n, z) + (3 − fevo) [Ψ (n, z) + n ⋅ v (n, z) + ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′]
= bDm (n, z) − (3 − fevo)Hv + (3 − fevo) [Ψ (n, z) + n ⋅ v (n, z)
+∫ τo
τ
(Ψ˙ + Φ˙)dτ ′] . (2.18)
We have introduced the galaxy density in Newtonian (or longitudinal) gauge δg, and the
gauge invariant variable Dm that coincides with the dark matter density perturbation in
the comoving gauge (see [74] for more details). At first order in perturbation theory, Dm
also corresponds to the density perturbation in synchronous gauge comoving with dark
matter. We assume that it is related to the comoving gauge galaxy density perturbation
Dg by a linear galaxy bias Dg = bDm, which can be function of time and of the scale.
This galaxy bias prescription is justified from the fact that on large enough scales, both
galaxies and dark matter follow the same velocity field as they experience the same
gravitational acceleration [75, 76]. Hence, we further assume no velocity bias, so that
by v we indicate at the same time the (gauge invariant) matter and the galaxy velocity
potential in the Newtonian gauge, defined through v = −∇v. The gauge transformation
relating the galaxy density perturbations in the longitudinal and synchronous gauges,
taking into account also evolution bias [50], is then:
δg =Dg − (3 − fevo)Hv . (2.19)
2.2 Volume perturbation
Now, we compute the contribution to the galaxy number counts induced by the volume
perturbation. We start considering an infinitesimal volume element around the source
defined by
dV = √−gµσαβuµdxσdxαdxβ . (2.20)
Since we are interested in expressing all the perturbations in terms of observable quan-
tities, we expand the angles at source around the observed angles at the observer,
dV = ν (z, θo, ϕ0)dzdθodϕo (2.21)
where
ν (z, θo, ϕ0) = √−gµσαβuµ∂xσ
∂z
∂xα
∂θs
∂xβ
∂ϕs
∣∂ (θs, ϕs)
∂ (θo, ϕo)∣ (2.22)
and ∣ ∂(θs,ϕs)∂(θo,ϕo) ∣ is the determinant of the Jacobian of the coordinate transformation from
the angles at the source (θs, ϕs) to the angles at the observer (θo, ϕo). To first order in
perturbation theory it becomes
∣∂ (θs, ϕs)
∂ (θo, ϕo)∣ = 1 + ∂δθ∂θ + ∂δϕ∂ϕ . (2.23)
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Then, by writing explicitly (2.22), we find
ν = a4 (1 +Ψ − 3Φ) [S2K(r) sin θs] (1a (1 −Ψ) drdz − 1avr dτdz )(1 + ∂δθ∂θ + ∂δϕ∂ϕ ) . (2.24)
We need to compute how the radial coordinate r changes along the light geodesic,
dr
dz
= d
dz¯
(r¯ + δr) d
dz
(z − δz) = dτ
dz¯
(dr¯
dτ
+ dδr
dλ
− dr¯
dz¯
dδz
dλ
) (2.25)
and expand around the background the following term:
S2K(r) sin θs = S2K (r¯ + δr) sin (θo + δθ) = S2K (r¯) sin θo (1 + 2S′K (r¯)SK (r¯)δr + cot θoδθ) .
(2.26)
With these two expressions, we can rewrite (2.24) as
ν = a4HS2K sin θ [1 − 3Φ − n ⋅ vs + (cot θ + ∂∂θ) δθ + ∂δϕ∂ϕ + (2S′KSK − ddλ) δr + aH dδzdλ ] ,
(2.27)
where all quantities are evaluated at the source background position. Then, we expand
ν¯ (z) around the background redshift z¯ obtaining
ν¯ (z) = ν¯ (z¯) + dν¯
dz¯
δz = ν¯ (z¯) [1 + δz
1 + z¯ ( 2H S′KSK − 4 + H˙H2)] . (2.28)
This leads to the volume perturbation,
δν
ν¯
(n, z) = −3Φ − n ⋅ v + (cot θ + ∂
∂θ
) δθ + ∂δϕ
∂ϕ
+ (2S′K
SK
− d
dλ
) δr
+(4 − 2H S′KSK − H˙H2) δz1 + z¯ + 1H(1 + z¯) dδzdλ . (2.29)
To completely determine the volume perturbation we need to solve the geodesic equations
for δr, δθ, δϕ. We start from the radial coordinate,
dr
dτ
= dr
dλ
dλ
dτ
= −1 + δnr
1 + δn0 = −1 + δnr + δn0 = −1 + dδrdτ . (2.30)
From the geodesic equation
dδnr
dλ
= ∂rΦ − ∂rΨ − 2Φ˙ (2.31)
and eq. (2.10) we obtain
d2δr
dτ2
= ∂rΦ + ∂rΨ − Φ˙ − Ψ˙ = − d
dλ
(Ψ +Φ) (2.32)
from which it follows
δr = ∫ τo
τ
(Ψ +Φ)dτ ′ (2.33)
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where we have again neglected the contributions at the observer position. So, the radial
contribution to the volume perturbation is
(2S′K
SK
− d
dλ
) δr = 2S′K
SK
∫ τo
τ
(Ψ +Φ)dτ ′ +Ψ +Φ . (2.34)
After the radial coordinate, we look at the angles θ and ϕ. We have
dθ
dτ
= dθ
dλ
dλ
dθ
= δnθ
1 + δn0 = δnθ = dδθdτ , (2.35)
dϕ
dτ
= dϕ
dλ
dλ
dϕ
= δnϕ
1 + δn0 = δnϕ = dδϕdτ . (2.36)
The geodesic equations lead to
dδnθ
dλ
− 2( d
dr
lnSK) δnθ = − 1
S2K
∂θ (Ψ +Φ)
⇒ d
dλ
(δnθS2K) = −∂θ (Ψ +Φ) (2.37)
which is solved by
δnθ = 1
S2K
∫ τo
τ
∂θ (Ψ +Φ)dτ ′ . (2.38)
Analogously, we have
dδnϕ
dλ
− 2( d
dr
lnSK) δnϕ = − 1
S2K sin
2 θ
∂ϕ (Ψ +Φ)
⇒ d
dλ
(δnϕS2K) = − 1
sin2 θ
∂ϕ (Ψ +Φ) (2.39)
which is solved by
δnϕ = 1
S2K sin
2 θ
∫ τo
τ
∂ϕ (Ψ +Φ)dτ ′ . (2.40)
From eqs. (2.35, 2.36) it follows
δθ = −∫ τo
τ
dτ ′
S2K
∫ τo
τ ′ dτ
′′∂θ (Ψ +Φ) , (2.41)
δϕ = −∫ τo
τ
dτ ′
S2K sin
2 θ
∫ τo
τ ′ dτ
′′∂ϕ (Ψ +Φ) . (2.42)
Hence, the angular contribution to the volume perturbation is given by
(cot θ + ∂
∂θ
) δθ + ∂δϕ
∂ϕ
= −∫ τo
τ
dτ ′
S2K
∫ τo
τ ′ dτ
′′ [cot θ ∂
∂θ
+ ∂2
∂θ2
+ 1
sin2 θ
∂2
∂φ2
] (Φ +Ψ)
= −∫ τo
τ
dτ ′
S2K
∫ τo
τ ′ dτ
′′∆Ω (Ψ +Φ) , (2.43)
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where ∆Ω = (cotθ∂θ + ∂2θ + ∂2ϕ/sin2θ) is the angular part of the Laplacian. This expression
can be further simplified by partial integration and using
d
dr
S′K
SK
= − 1
S2K
. (2.44)
As expected, we find that the angular contribution to the volume perturbation describes
the lensing effect in the generalized form
− ∫ τo
τ
(S′K (r′)
SK (r) − S′K (r)SK (r))∆Ω (Ψ +Φ)dτ ′ , (2.45)
where r′ denotes τo − τ ′. By using the simple relation
SK (rs − r) = SK (rs)S′K (r) − S′K (rs)SK (r) , (2.46)
we obtain the lensing term in a more common form,
− ∫ τo
τ
SK (r − r′)
SK (r)SK (r′)∆Ω (Ψ +Φ)dτ ′ . (2.47)
To conclude, by plugging together all the contributions, we find the total volume per-
turbation
δν
ν¯
= −2 (Ψ +Φ) + Φ˙H + 1H∂rn ⋅ v + n ⋅ v − ∫ τoτ SK (r − r′)SK (r)SK (r′)∆Ω (Ψ +Φ)dτ ′+2S′K
SK
∫ τo
τ
(Ψ +Φ)dτ ′ − 4n ⋅ v − 3∫ τo
τ
(Ψ˙ + Φ˙)dτ ′
+( 2H S′KSK + H˙H2)(Ψ + n ⋅ v + ∫ τoτ (Ψ˙ + Φ˙)dτ ′) , (2.48)
where we have assumed that galaxies moves along geodesics,
n ⋅ v˙ +Hn ⋅ v − ∂rΨ = 0 . (2.49)
By summing up the redshift density perturbation (2.18) with the volume pertur-
bation (2.48) we find the galaxy number counts
∆ (n, z) = bDm − 2Φ +Ψ + 1H (Φ˙ + ∂rn ⋅ v) − ∫ τoτ SK (r − r′)SK (r)SK (r′)∆Ω (Ψ +Φ)dτ ′
+( 2H S′KSK + H˙H2 − fevo)(Ψ + n ⋅ v + ∫ τoτ (Ψ˙ + Φ˙)dτ ′)+2S′K
SK
∫ τo
τ
(Ψ +Φ)dτ ′ − (3 − fevo)Hv . (2.50)
In the flat limit one needs just to replace S′K/SK with 1/r to recover the expression
computed in [49].
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2.3 Magnification bias
Another effect to take into account is induced by the flux limited properties of galaxy
surveys. Up to now we have implicitly assumed that galaxy surveys are volume limited,
i.e. we observe all the galaxy up to a given redshift. Flux limited galaxy survey may
observer fainter galaxies if their signal is magnified along the line of sight, and viceversa
[77]. Hence, this effect might be degenerate with the lensing (magnification) signal and
we need to carefully introduce it, see e.g. [50, 73] for K = 0. Including this effect, so
considering that the observed galaxy number counts depends also on the luminosity, at
a given fixed flux F , it becomes
∆ (n, z, F ) = ∆ (n, z) + ∂ ln n¯g
∂ lnLs
∣
L¯s
δLs
L¯s
, (2.51)
where L¯s is the background luminosity corresponding to the flux F . The fractional
fluctuation in the luminosity at fixed flux is given by twice the fractional fluctuation
in the luminosity distance, i.e. δLs/L¯s = 2δDL/D¯L; we compute δDL to first order for
non-flat geometries, i.e. for the metric (2.2), in Appendix C. Hence we obtain
∆ (n, z,m∗) = bDm + 1H∂r (n ⋅ v) − 2 − 5s2 ∫ τoτ SK (r − r˜)SK (r)SK (r˜)∆Ω (Ψ +Φ)dτ˜
+(5s + 2 − 5sH S′KSK + H˙H2 − fevo)(Ψ + n ⋅ v + ∫ τoτ (Ψ˙ + Φ˙)dτ˜)+ (5s − 2)Φ +Ψ + 1H Φ˙ + (fevo − 3)Hv+ (2 − 5s) S′K
SK
∫ τo
τ
(Ψ +Φ)dτ˜ . (2.52)
We defined the magnification bias (see [73] for more details)
∂ ln n¯g (z,L > L¯∗)
∂ lnL∗ = −52s (z,m∗) , (2.53)
where
n¯g (z,L > L¯∗) = ∫ ∞
F∗ n¯g (z, lnF )d lnF (2.54)
denotes the background number density of galaxies with luminosity larger than L∗ (or
equivalently a magnitude smaller than m∗ or flux larger than F∗). The magnification
bias s is also often replaced by Q = 5s/2 in the literature.
3 The angular power spectrum
The power spectrum cross-correlating two scalars X and Y is
CXY` (z, z′) = ⟨aX`m(z)aY ∗`m (z′)⟩ , (3.1)
– 10 –
where the star denotes complex conjugation and X = ∑a`m(z)Y`m(n), where Y`m(n)
denotes the spherical harmonic functions [78]. Given the transfer function ∆X` (q, z) the
angular power spectra for an open universe K ≤ 0 reads [72, 74, 79]:
CXY` (z, z′) = 4pi∫ dkk ∆X` (q, z)∆Y` (q, z′)PR(k) , (3.2)
where the generalized wavenumber q = √k2 +K is seen as a function of k (wavenumber
in the flat limit), and PR(k) is the primordial spectrum of scalar curvature perturba-
tions. We remark that a power-law power spectrum is uniquely determined in terms of
wavelength k, generalized wavenumber q, which is an eigenvalue of the Helmholtz equa-
tion (3.3), and volume (see e.g. [25]) only for spatially flat space-time. For open and
close universe they differ for modes larger than the curvature radius. Our choice, con-
sistently with [72], is to consider a power-law in the wavelength k, namely PR(k)∝ kn.
Nevertheless, since the ratio between the curvature and the Hubble radius is determined
by
√
ΩK , a curvature density parameter of order ΩK ∼ O (10−2) leads to observational
differences only at scale of order O (10) Hubble radius. Hence our choice does not affect
our results, and generically late time observables. We also introduce a rescaled general-
ized wavenumber2 κ = q/√∣K ∣. For a closed universe K > 0 the integral in eq. (3.2) is
replaced by a sum over discrete kn = √(n2 − 1)K related to generalized wave numbers
by κn = qn/√K = n with n = 3,4,5, . . .
We compute the angular power spectra using the class code [70–72]. We obtain
the transfer functions ∆X` (q, z) by expanding eq. (2.52) over the basis Qk(x) given by
the eigenfunctions of the Laplacian
(∆K + k2)Qk(x) = 0 . (3.3)
In the flat limit Qk(x) = exp(ik ⋅ x)/(2pi)3/2 and its expansion in spherical harmonics is
written in terms of spherical Bessel functions j`[k(τ0−τ)]. Following [25, 72, 74, 79, 80],
the generalization to a non-flat spacetime involves hyperspherical Bessel functions Φκ` (χ),
where we use the rescaled radial coordinate χ = √∣K ∣(τ0 − τ) such that in the flat limit
Φκ` (χ) → j`(κχ) = j`[k(τ0 − τ)]. The number count transfer functions obtained from
eq. (2.52) are shown in Appendix B, while in Appendix A we also give more details
about scalar harmonic functions Qk(x).
4 Constraining the curvature parameter
In this section we consider a mock galaxy survey loosely modeled after the SKA HI
galaxy survey [81] (see also e.g. [82, 83] for a discussion on possible SKA surveys). In
Appendix D we show the specifications used in our calculations and describe our Fisher
matrix formalism. We investigate how effects which are usually neglected in galaxy
clustering analysis affect constraints on the curvature parameter.
2We remark that in literature the rescaled generalized wavenumber is often denoted with ν. We prefer
to use κ, since in this work ν refers to the volume density defined through eq. (2.22).
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Figure 1. Relative variation of angular power spectra when including a spatial curvature ΩK =
0.01, assuming top-hat redshift bins. Left panel shows z-bin auto-correlations while right panel
z-bin cross-correlations. In the left panel we show the ratio by including all the relativistic effects
(solid lines) and considering only Newtonian terms (dashed lines).
4.1 Standard Newtonian and full relativistic spectra
In the following we investigate how considering a fully relativistic tomographic analysis
instead of a traditional Newtonian one affects the angular power spectra for non-flat
universes. We define the “standard Newtonian” analysis one which includes in eq. (3.2)
only the density perturbation and the Kaiser redshift-space distortions (however we do
not apply the plane-parallel approximation):
∆Newt` = ∆Den` +∆Rsd` . (4.1)
In the “fully relativistic” analysis we consider all contributions, including lensing con-
vergence [77, 84, 85],3 additional velocity terms (that we call Doppler, D1 and D2), and
effects depending directly on the gravitational potentials (G1 to G5):
∆` = ∆Den` +∆Rsd` +∆Len` + 2∑
a=1 ∆Da` +
5∑
a=1 ∆Ga` , (4.2)
where all the terms are defined in Appendix B, eq. (B.8). We always consider redshift bin
cross-correlations, both for Newtonian and relativistic terms. As it has been shown [86,
87], this is needed to recover the 3-dimensional information in the galaxy catalog. We
stress that in our conservative configuration, i.e. 5 redshift bins, cross-correlations add
constraining power mostly through the non-local relativistic terms (cosmic magnification,
ISW and time delay effects, see [54]).
In figure 1 we plot the relative variation of the angular power spectra when adding
a non-vanishing curvature parameter ΩK = 0.01. We plot
CΩK=0.01` (zi, zj) −CΩK=0` (zi, zj)
CΩK=0` (zi, zj) .
3While the lensing potential is a well known and constrained term from galaxy shear studies, in the
context of galaxy clustering it is usually neglected, except for specific configurations [60].
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ΩΛ ΩK Ωfld wfld
ΛCDM 0.7 0 0
oΛCDM 0.69 0.01 0
fΛCDM 0.69 0 0.01 -1/3
Table 1. Cosmologies used to disentangle dynamical and geometrical contributions from the
curvature parameter: standard flat model ΛCDM, open model oΛCDM, and flat model fΛCDM
including a non-adiabatic fluid mimicking the dynamical effects of curvature. In all the cases we
fix Ωm = 0.3.
We fix Ωm = 0.3 and we vary ΩΛ according to eq. (D.1). We choose 5 redshift bins as
specified in Appendix D, fig. 9. For the redshift bin auto-correlations we show the effect
of full power spectra, i.e. including both Newtonian and relativistic contributions, and
we compare them with just the Newtonian terms. For cross-correlation we only plot the
full power spectra, since the Newtonian one would be dominated by numerical noise.
Not surprisingly, the first bin is most strongly affected by curvature as it becomes more
relevant at low redshift. For all except the first bin, including relativistic effects enhances
the difference between the curved and flat spectra. Note also the change of sign in the
1-2 cross correlation at ` = 13 which comes from the zero-crossing of the lensing term∝ 2−5s(z) which happens in the second bin. The cross-correlation signal is dominated by
the lensing terms as already discussed in Ref. [60]. Obviously a non-vanishing curvature
changes the angular diameter distance and shifts the BAOs in angular scale. This effect
causes the wiggles in the left panel of figure 1. Also the change in ΩΛ, which varies
together with ΩK according to eq. (D.1) leads to a difference in the angular diameter
distance. We study the impact of the differences, induced by relativistic terms (here
dominated by the lensing term), on the precision of measurements of the curvature
parameter and its best-fit estimate in the next sections.
To disentangle geometrical (changes in the metric) and dynamical (changes in the
background density parameters and therefore in the Hubble parameter, H(z)) effects due
to curvature, we introduce a fictitious non-adiabatic fluid with roughly constant equation
of state4 wfld ≈ −1/3, whose density parameter scales in the same way as the one from
curvature, while keeping a flat metric. Since we are not interested in the dynamics of
the non-adiabatic fluid itself, but only in understanding by how much power spectra
are affected by changes in the density parameters, we neglect its perturbations5 (in
particular, our results are independent of the fluid sound speed cs). This artifact allows
us to take into account changes to the Hubble parameter H(z) due to different density
parameters, still keeping a flat metric. In figure 1 we compared the relativistic spectra
obtained, as explained above, by assuming a standard flat model with cosmological
4For an adiabatic perfect fluid we have w˙ = 3H(1+w)(w−c2s), that requires either w = −1 or w = c2s in
order to have a constant w over time. For more details about the implementation of the non-adiabatic
fluid with a generic nearly constant equation of state, see [88].
5Note, however, that in the public version of class, fluid perturbations are consistently taken into
account.
– 13 –
10 100 1000
0.000
0.005
0.010
0.015
0.020
ℓ
C
ℓΩ
K
=
0
.0
1
/C
ℓΩ
fld
=
0
.0
1
-
1

1-1
2-2
3-3
4-4
5-5
10 100 1000
0.005
0.010
0.015
0.020
0.025
ℓ
C
ℓΩ
K
=
0
.0
1
/C
ℓΩ
fld
=
0
.0
1
-
1

1-1
1-2
1-3
1-4
1-5
Figure 2. Importance of geometrical contributions: the relative difference of the relativistic
angular power spectra for the oΛCDM and the fΛCDM model is plotted as a function of `. The
dynamics of the background evolution is the same in both cases, but geometrical changes due to
curvature are not present in the fluid model. The left panel shows z-bin auto-correlation while
the right panel z-bin cross-correlation. Bin correlations are showed in the legends. The spike
in the bins 1-2 cross-correlation happens when the spectrum at the denominator passes through
zero.
constant Λ (see the ΛCDM model in table 1) to an open model with Ωm +ΩΛ = 1 −ΩK
(see the oΛCDM model in table 1). In figure 2 and 3 we will now compare the relativistic
spectra from the oΛCDM and ΛCDM models also to a spatially flat model including a
non-adiabatic fluid, with Ωm + ΩΛ = 1 − Ωfld (see the fΛCDM model in table 1). The
Hubble parameter reads
H
H0
= √Ωm(1 + z)3 +ΩΛ +ΩX(1 + z)2 , (4.3)
where X refers either to curvature or to the fluid (in the latter case the metric in eq. (2.2)
has no curvature term). We always set Ωm = 0.3.
Figure 2 shows the relative difference between the oΛCDM and fΛCDM models.
The dynamical evolution of the background is the same in both cases, hence differences
in the spectra reflect the geometrical contributions induced by the curvature term. Ge-
ometrical effects contribute substantially to the difference shown in figure 1, and they
slightly increase at very large scales and for low redshift bins, especially in the auto-
correlations.
In figure 3 we show the relative difference of the fΛCDM and ΛCDM models. In
both cases the geometric contributions due to the curvature term are absent, hence the
deviations provide information about the effect of the different evolution of the back-
ground. Compared to figure 1, the amplitude of the deviations is less significant, but
still non-negligible especially for the bin auto-correlations at larger redshift. In the cross-
correlations of the first bin with other bins the dynamical contributions increase with
multipole. Even though the cross correlation 1-2 also passes through zero at ` ≃ 13, the
difference does not change sign in this case, hence the relative difference simply shows
a divergence since the zeros of both spectra do not exactly coincide. The corresponding
plot of the difference between the curved and the fluid case shown in fig. 2, however
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Figure 3. Importance of dynamical contributions: the relative variation of the relativistic
angular power spectra for the fΛCDM model is plotted against the ΛCDM model. While geo-
metrical terms due to curvature are absent in both cases, the background evolution changes. The
curve legend follows figure 2. While larger oscillations reflect differences in the acoustic peaks
location, smallest scales oscillation are due to numerical precision and interpolation.
exhibits a change of sign (leading to the characteristic vertical line in the relative dif-
ference). In the auto-correlations for the higher redshift bins the plateau in figure 3 is
extended over larger multipoles and starts decreasing around the region of the acoustic
peaks, to increase again later on (see e.g. the bins 2-2 correlation). In the case of the first
bin auto-correlation, the increasing regime is reached already at the lower multipoles.
This is due to the fact that on large scales the C`’s are roughly constant leading to a
constant shift while on smaller scales power is increasing with ` such that a constant
offset in the angular diameter distance leads to an increasing shift in the spectra. Since
at low redshift also low `’s do not signify very large scales, this increase starts earlier for
the lowest redshift bin.
Note that, in particular, the position of the acoustic peaks (see the amplitude of the
fluctuations at ` ≳ 100 in figures 1, 2 and 3) is affected by a comparable amount by both
dynamical and geometrical effects. This is expected, since a different redshift-distance
relation implies a shift in ` of the acoustic peaks: given a certain z, comoving distances
for the open model oΛCDM are larger than in a flat ΛCDM universe, and the acoustic
scale of the peak subtends a smaller angle (larger multipole `).
To conclude, both geometrical (i.e., changes in the metric) and dynamical effects
(i.e., different cosmological parameters in eq. (4.3)) are relevant and increase with the
scale (except for the first bin auto-correlation in figure 3). In the configuration taken
into account, geometrical effects dominate over the dynamical ones, which are neverthe-
less non-negligible especially if information about the precise acoustic peak locations is
needed.
4.2 Error forecasts
In this section we forecast how future galaxy surveys will be able to measure the curvature
parameter by using a new version of the code class [71–73], that we modified to include
the formalism described in the previous sections. The aim of this work is not to derive
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the best constraints for ΩK achievable with future survey, but to understand how much
information is encoded in the relativistic corrections and to determine the size of the
error in the curvature introduced by neglecting them. We therefore consider a rather
conservative set-up with only 5 redshift bins. As shown in [86, 87], a larger number of bins
is required to extract all the 3-dimensional information from the survey. With few bins,
as we will show, the lensing convergence turns out to be the most relevant contribution
neglected in a Newtonian galaxy clustering analysis. Including many thin redshift bins
(which is in principle possible thanks to SKA’s spectroscopic redshift determination
σz/(1 + z) ∼ 0.001) may enhance the effect of other local terms such as Doppler effects
(see e.g. [89]), and a dedicated study of this may be worthwhile.
We assume specifications consistent with a SKA-like survey [82, 83], described in
Appendix D together with our Fisher matrix formalism. There, we also specify our base
values of cosmological parameters which agree roughly with the Planck results [18]. We
expect our forecasts to hold qualitatively also for an Euclid-like photometric survey, the
main differences being given by a reduced sky coverage fEuclidsky ≈ 0.3—entering trivially
in the covariance, eq. (D.6), so that errors increase by [fSKAsky /fEuclidsky ]1/2, without relative
changes—and by larger redshift uncertainties, whose effect is partially reduced thanks
to the large redshift bins; see, e.g., [60] for a comparison of the lensing effect, main term
of interest also in the present work, in the two cases SKA and Euclid.
In the rest of this Section we compare the information encoded in the Newtonian
terms, in cosmic magnification and in the other relativistic effects. In particular, we want
to study how the information beyond Newtonian terms may change the constraints on
the curvature parameter ΩK . For this we shall analyse two questions: 1) to what extend
constraints on the curvature parameter are degenerate with the accurate knowledge of
relativistic effects?, and 2) how are the best-fits of cosmological parameters biased if
relativistic effects are neglected? We will now address the first problem, and consider
the second question in the next section.
Cosmic magnification and other relativistic effects, if neglected, introduce a system-
atic error in the data analysis. To estimate this error, we perform a Fisher analysis (see
Appendix D for more details) and we compare the forecasted error on ΩK if we do include
cosmic magnification with respect to a complete marginalization of the cosmic magni-
fication amplitude. As in [58, 60], we introduce a new parameter, L, which describes
the amplitude of cosmic magnification, by replacing6 ∆Len` with L∆
Len
` in eq. (4.2). We
treat L on the same footing as other cosmological parameters in the Fisher analysis,
namely we include it both in the derivatives of the spectra and on the covariance matri-
ces. As we see in figure 4, the lensing information can be highly degenerate with ΩK if
we consider only z-bin auto-correlations (red contours). The amount of degeneracy (i.e.,
the difference between marginalized and fixed 1-dimensional constraints on ΩK) is very
sensitive to the magnification bias parameter s(z), which has to be known with good ac-
curacy in order not to systematically affect the constraints on the curvature parameter.
6We remark that the parameter L is not included in the public released version of class. Neverthe-
less, the user can easily implement it following the details presented in Appendix B.
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Figure 4. 1σ contour plot for ΩK and L. In red (dashed) we consider only z-bin auto-
correlation, while in blue (solid) we include also z-bin cross-correlation. In the left panel we
adopt magnification bias for a SKA-like survey (i.e. eq. (D.5)), while in the right panel we
consider a constant magnification bias s(z) = 1. In both panels we have fsky = 0.75 and we
assume `max = 300. The parameters not shown in the plot are fixed to their fiducial values.
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Figure 5. We show the relative difference between the forecasted error on ΩK for a constant
cosmic magnification amplitude and the case marginalized over L as a function of the non-
linear scale `max. We consider the magnification bias for a SKA-like survey (left panel) and
with a constant magnification bias s(z) = 1 (right panel). Red (dashed) lines include z-bin
auto-correlation only, while blue (solid) lines consider as well z-bin cross-correlation.
The degeneracy seems to be completely broken once we include z-bin cross-correlations.
Hence, a full tomographic analysis will not introduce a systematic change in the fore-
casted error on ΩK . This shows how crucial is to use the radial information to be able to
disentangle the clustering signal from the lensing magnification. Clearly, the constraints
on the lensing potential increase significantly when we include z-bin cross-correlation,
this is discussed in detail in [60]. On the other hand, the constraints on the curvature
parameter come mainly from the transversal modes. Indeed by adding the radial mode,
and accounting properly for the cosmic magnification as forecasted for SKA, the error
does not change.
In figure 5 we show the relative difference between the forecasted error on ΩK
for a constant cosmic magnification amplitude and the case marginalized over L as a
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Figure 6. 1σ contour plot for ΩK and rel. In red (dashed) we consider only z-bin auto-
correlation, while in blue (solid) we include also z-bin cross-correlations. We adopt magnification
bias for a SKA-like survey (i.e. eq. (D.5)). In both panels we have fsky = 0.75 and we assume
`max = 300.
function of the non-linear cut-off `max. We notice that the degeneracy between cosmic
magnification and curvature is not broken by going to smaller scales, if we do not take
into account radial correlations, i.e., z-bin cross-correlations. We also show the case for
s(z) = 1 (instead of the redshift dependent function compatible with SKA), which proves
the importance of modeling correctly magnification bias.
We repeat the same approach to study the impact of the other relativistic ef-
fects (apart from the cosmic magnification studied so far) on constraints of the cur-
vature parameter ΩK . We now replace in equation (4.2) ∑2a=1 ∆Da` + ∑5a=1 ∆Ga` with
rel (∑2a=1 ∆Da` +∑5a=1 ∆Ga` ). In figure 6 we see that these other relativistic effects and
the curvature parameter are completely independent, either with or without adding
z-bin cross-correlations. Contrary to the cosmic magnification, we notice that relativis-
tic effects are poorly constrained with our conservative setting based on only 5 z-bins.
Because of this very low constraining power on rel, the forecasted errors on ΩK are in-
sensitive to the amplitude of relativistic effects. This result agrees with previous analysis
on different cosmological parameters, which have shown that rel can be detected only
through multi-tracer techniques if few redshift bins are considered [61, 90, 91], whereas
cosmic magnification is relevant also in a single tracer analysis [60].
4.3 Bias on the best-fit
Now we study how neglecting relativistic integrated terms can bias the best fit measure-
ment of the curvature parameter. A complete investigation of the shift in the best fit
of the measurement would require an MCMC analysis [92]. However, if the difference
between the two models is small, we can Taylor expand and, to leading order in the sys-
tematic effect, we can use eq. (D.9). We focus on measurements of curvature jointly with
one other parameter, keeping the remaining parameters at their base values, our fidu-
cial cosmology. As second parameter we consider both the dark matter energy density
parameter Ωcdm, and the dark energy equation of state parameter w0 (see appendix D
for more details about the fiducial cosmology and specifications).
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Figure 7. Black dots denote shifts in the best fit measurement due to neglecting relativistic
terms, for the joint analysis of the curvature parameter and the CDM density parameter (left
panel) or the DE equation of state parameter (right panel) due to neglecting relativistic effects.
Different constant values of the magnification bias s are indicated, whereas the label ‘s(z)’ (red
square) refers to the redshift-dependent case depicted in figure 9. The fiducial parameters are
indicated by a cross, which corresponds to the expected best-fit values if the analyses where
done consistently including all relativistic terms. We plot 1σ, 2σ and 3σ contours obtained by a
Newtonian analysis, for `max = 300.
Figure 7 shows the bias in the estimation of best-fit cosmological parameters ob-
tained with the Fisher formalism outlined in eq. (D.9). Here, in order to estimate the
systematic error due to neglecting relativistic terms, we include in the analysis all red-
shift bin cross-correlation both in the “Newtonian” and in the “full relativistic” analysis.
Contours correspond to the 1σ, 2σ and 3σ intervals obtained from the Fisher matrix in
the Newtonian approximation. Red squares correspond to the shift expected by assum-
ing the full redshift-dependent magnification bias s(z) showed in figure 9. We consider
the joint constraints on {ΩK ,Ωcdm} and on {ΩK ,w0}, where in each case the other
standard ΛCDM parameters are kept fixed to their fiducial values (i.e., in each plot we
consider a 2 × 2 Fisher matrix). Interestingly, the joint constraint of {ΩK ,w0} shows a
much larger systematic shift than the one of the pair {ΩK ,Ωcdm} (this is investigated
more in detail below, see figure 8).
We also estimate the shifts by assuming several constant values of magnification
bias s, indicated in figure 7 next to the black dots. The case s = 0.4 always shows a
small shift. In this case, the lensing magnification term vanishes and the shift comes
entirely from the other relativistic terms. This confirms the fact that, in our tomographic
configuration including few relatively large redshift bins, the lensing term is the main
non-Newtonian contribution. Indeed, as it can be seen from eq. (2.52), the pre-factor(2− 5s) of the lensing integral vanishes for s = 0.4. We verified that the main remaining
contribution to the shift for s = 0.4 is due to Doppler terms. The direction of the shift
along the ΩK direction is due to the fact that a negative (2 − 5s) factor corresponds to
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Figure 8. Shifts in the best fit parameters relative to the standard errors for the joint analysis
of the curvature parameter and CDM parameter (upper panel) or DE equation of state (bottom
panel) due to relativistic effects. Magnification bias s(z) has been fixed to the function shown
in figure 9. Different dots correspond to different values (lower for lighter dots, larger for darker
dots) of the maximum multipole `max considered in the analysis.
observing less volume at a given angular separation, hence it corresponds to a positive
curvature K > 0 (i.e., ΩK < 0). This increase in the curvature, however leads to a smaller
angular diameter distance which is compensated by a lower Ωcdm and correspondingly
higher ΩΛ. In the right panel, where Ωcdm is fixed and ΩΛ increases with curvature, this
leads to an increase in the angular diameter distance which can be compensated partially
with and increase in w0. Of course this is not the full explanation as number counts are
not only sensitive to the angular diameter distance. Especially, the s(z) specification for
SKA (red square), which is small at low redshift but tends to 1 at large redshift prefers
only very little curvature but a w0 significantly larger than −1.
We conclude that if the Newtonian analysis is assumed to be the correct model
instead of the relativistic one (including at least also lensing), important systematic
shifts in the best-fit values are to be expected depending on the survey specifications.
We cannot be more quantitative at this point, since the Fisher analysis presented here
actually looses its validity when the shifts become significantly larger than 1σ which
happens in our analysis.
In figure 8 we plot the systematic shift in the best-fit of the given parameter,
computed with eq. (D.9), relative to the marginalized standard error estimated as
σα = √[(F nwt)−1]αα, where [(F nwt)−1]αα is a diagonal element of the inverted New-
tonian Fisher matrix. As in figure 7, for each plot we fix the parameters that are not
being considered to their fiducial values, hence in each case we only have a 2 × 2 Fisher
matrix. We assume a redshift-dependent magnification bias consistent with figure 9.
The different dots show the shifts obtained for different multipole cut-off values `max
used in the analysis (we recall that in figure 8 we consider `max = 300). Lighter dots
correspond to lower `max, while darker dots include more non-linear scales. A more rigor-
ous analysis would be necessary to treat consistently non-linear scales (see e.g. [60, 87]),
that we are here including for the lowest redshift bins and highest multipoles. However,
here we want to analyze qualitatively the dependence of the systematic shift on the
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largest scales included in the analysis. For a quantitative estimation an MCMC analysis
is advisable [92] especially to confirm large shifts ∆θ ≫ σθ, for which our formalism is
not self-consistent. In fact, the Fisher matrix analysis can be trusted only for a small
systematic bias, within the 1σ errors. When the shift is large, ∆θ/σθ > 1 we can only
conclude that there is a significant shift but we cannot trust its amplitude which is ob-
tained by a first order Taylor expansion. When only large scales are included in the
analysis, the shifts are relatively modest, and they become significant as smaller scales
are included. This is in part due to the fact that, including more scales, the errors shrink
and a given shift becomes more relevant. But also, the shift itself increases considerably,
since the lensing integral becomes more relevant at larger multipoles [60, 87]. Instead,
the shift increases significantly (and monotonically) in the w0 direction, which is then
particularly sensitive to the lensing effect. This shows also that radial correlations are
especially useful to constrain the evolution of dark energy.
5 Conclusions
In this work we generalize the observed galaxy number counts to spatially curved ge-
ometries. We include all relativistic effects to first order in perturbation theory. We
implemented this new formalism in the new release v2.5.0 of the publicly available code
class [71–73], to compute efficiently and accurately the redshift dependent angular
power spectra.
We have compared the constraining power on ΩK coming from its geometrical
nature and from its dynamical effects and have shown that the geometrical part is
prevalent. Then, we used the fully relativistic formalism to investigate how constraints
on the spatial curvature of the universe coming from future galaxy surveys differ when
using the proper relativistic formalism rather than the standard Newtonian approach.
We showed how the error on ΩK depends on relativistic effects and how the inferred
value changes when we properly account for all the relativistic corrections. We verified
that the most relevant relativistic contribution in our configuration (compatible with
a SKA-like survey divided in 5 bins) is cosmic magnification. We have found that
including radial information, i.e. z-bin cross-correlations data, is in general crucial and
significantly reduces the errors and the degeneracy between spatial curvature and cosmic
magnification. However, the significance of this degeneracy strongly depends on the
magnification bias s(z). Actually, for the function predicted for SKA it is relatively
mild.
We then have studied the bias in the inferred best-fit value of ΩK , obtained when
neglecting magnification or the other relativistic terms. While the bias from the other
relativistic terms is much smaller than the errors, the shift from magnification can be-
come substantial, depending on the value of the magnification bias s. When deriving
constraints on ΩK from future LSS surveys, it is therefore very important to include
magnification and to have good knowledge of the magnification bias s(z) of the survey.
This work can be regarded as a contribution to the general effort in setting up a
precise theoretical modeling for analyzing galaxy clustering using future surveys and it
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provides the community with an improved tool to better understand galaxy clustering
at the largest scales. With the use of a formalism including large-scale effects, wide
and deep future galaxy surveys can avoid any theoretical bias introduced by neglecting
relativistic effects.
Furthermore, current measurements of the curvature parameter are not yet at cos-
mic variance limit. The effort of reaching the level of accuracy needed to test some very
fundamental theories about the nature of the Universe, and to provide observational
constraints on models inspired by the string landscape, can benefit of a full relativistic
description.
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A Scalar harmonic functions
Here we give the explicit form of the orthogonal functions defining a basis for expan-
sion of scalars X(n, z) in wavenumber space. The expansion is performed in spherical
coordinates and allows for an arbitrary curvature K. The derivation follows the works
of [72, 74, 79, 80, 93]. For a possible generalization to vector and tensor modes see, e.g.,
[94].
In this appendix we use the same notation as in the class code [71–73], where the
spatial part of the metric in eq. (2.2) is written as
γijdx
idxj = ∣K ∣−1 [dχ2 + sin2K χ (dθ2 + sin2 θdϕ2)] , (A.1)
and the rescaled radial coordinate is χ = √∣K ∣(τ0 − τ) = √∣K ∣r. We defined
sinK χ = { sin (χ) for K > 0sinh (χ) for K < 0 , (A.2)
which is related to our previous notation by SK(r) = sinK(χ)/√∣K ∣. The flat-limit is
consistently obtained taking ∣K ∣−1/2 sinK χ K→0ÐÐÐ→ r. We also define
cotK χ = { cot (χ) for K > 0coth (χ) for K < 0 , (A.3)
with flat-limit ∣K ∣1/2 cotK χ K→0ÐÐÐ→ 1/r.
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We look for eigenfunctions Qk(x) of the covariant Laplacian ∆K given the metric
(A.1). These are the solutions of the Helmotz equation
(∆K + k2)Qk(x) = 0 . (A.4)
Introducing the generalized wavenumbers
q = √k2 +K , κ = q/√∣K ∣ , (A.5)
the spectrum is complete for
κ = 3,4,5, . . . for K > 0≥ 0 for K ≤ 0 . (A.6)
For possible issues of super-curvature modes in an open Universe, see [95]. In the fol-
lowing we change notation between k. q and κ as most convenient.
In flat space K = 0 the equation is solved7 by Qk(x) = 1(2pi)3/2 exp(ik ⋅ x), which
satisfy the orthonormality relation
∫ d3x Qk(x) [Qk′(x)]∗ = δ(k − k′) , (A.7)
where the star denotes complex conjugation, and δ(k−k′) is the Dirac delta. Eq. (A.4)
is also solved by the functions Qk`m(x) = j`(kr)Y`m(xˆ), where kˆ ≡ k/k, Y`m(n) are
spherical harmonics and j`(kr) are spherical Bessel functions. Since spherical harmonics
form a complete system of functions on the sphere, there must exist an expansion exp(ik⋅
x) = ∑`,m c`mQk`m(x). The computation of the coefficient c`m, see e.g. [74], leads to:
Qk(x) = 1(2pi)3/2 exp(ik ⋅ x) =
√
2
pi
∑`
,m
ilj`(kr)Y`m(n)Y ∗`m(kˆ) , (A.8)
where we denote k ⋅x = krkˆ ⋅ xˆ. We further remark that spherical Bessel functions satisfy
the orthogonality relation
∫ ∞
0
dr r2j`(kr)j`(k′r) = pi
2
1
k2
δ(k − k′) . (A.9)
The spatial part of each mode of oscillation in spherical coordinates is given by
j`(kr)Y`m(n), which as said satisfies eq. (A.4). In our coordinates only the radial de-
pendence of the metric, eq. (A.2), changes for K ≠ 0. Hence we look for eigenfunctions
of the Helmholtz equation of the form Qκ`m = Φκ` (χ)Y`m(n) (which then form a ba-
sis for expansion in spherical coordinates for each mode k). The solution is given by
7 We use unitary Fourier transform conventions. For K = 0 we define Qk = 1(2pi)3/2 eik⋅x, the power
spectrum is ⟨∆(k)∆(k′)⟩ = δ(k+k′)P (k) and the variance per logarithmic wavenumber P(k) = k3
2pi2
P (k),
such that in real space ξ(r) ≡ ⟨∆(x)∆(x + rn)⟩ = ∫ ∞0 dkk j0(rk)P(k).
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hyperspherical Bessel functions:
Φκ` (χ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
√
piM`κ
2κ2 sinχ
P
−1/2−`−1/2+κ(cosχ) for K > 0√
piN`κ
2κ2 sinhχ
P
−1/2−`−1/2+iκ(coshχ) for K < 0
, (A.10)
where
M `κ = `∏
n=0(κ2 − n2) , N `κ =
`∏
n=0(κ2 + n2) , (A.11)
and PML (µ) are associated Legendre functions [78]. The normalization is chosen such
that for K → 0 we recover Φκ` → j`(κχ) = j`(kr). This leads to the orthogonality relation
∫ d3x Qκ`m(x) [Qκ′`′m′(x)]∗ = pi
2
1
q2
δ(q, q′)δ``′δmm′ , (A.12)
where the product δ``′δmm′ comes from the orthogonality of spherical harmonics, while
the factor pi2
1
q2
δ(q, q′) is the generalization of eq. (A.9) (where j`(kr) are replaced by
Φκ` (χ)), for which we defined
δ(q, q′) = { δqq′ Kronecker delta for K > 0
δ(q − q′) Dirac delta for K ≤ 0 . (A.13)
Then, introducing a vector q with length q and direction qˆ = kˆ, the functions
Qq(x) ≡ √ 2
pi
∑`
,m
i`Φκ` (χ)Y`m(n)Y ∗`m(qˆ) , (A.14)
are solutions of the Helmholtz equation (A.4), reduce to eq. (A.8) for K = 0, and satisfy
the closure relation ∫ d3x Qq(x) [Qq′(x)]∗ = δ(q,q′) , (A.15)
where we used δ(q,q′) = 1
q2 sin θ
δ(q, q′)δ(θ − θ′)δ(φ − φ′).
Finally, it is useful to introduce the following functions:
jκ` (χ) ≡ Φκ` (χ) ÐÐÐ→K→0 j`(k(τ0 − τ)) , (A.16)
jκ′` (χ) ≡ √∣K∣k Φκ′` (χ) ÐÐÐ→K→0 j ′`(k(τ0 − τ)) , (A.17)
jκ′′` (χ) ≡ ∣K∣k2 Φκ′′` (χ) ÐÐÐ→K→0 j′′` (k(τ0 − τ)) , (A.18)
with simple flat space limits. Following [72], we also define
sinK(χ) ≡ k√∣K∣ sinK(χ) ÐÐÐ→K→0 k(τ0 − τ) , (A.19)
cotK(χ) ≡ √∣K∣k cotK(χ) ÐÐÐ→K→0 1k(τ0 − τ) , (A.20)
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B The transfer functions for number counts
The results of Appendix A allow us to expand a scalar function X(n, z) in terms of
a`m(z) = ∫ dΩnY ∗`m(n)X(n, z) , (B.1)
where
X(n, z) = ⨋ d3qX(q, z)Qq(x) = √ 2
pi
⨋ d3qX(q, z) ∑`
,m
i`Φκ` (χ)Y`m(n)Y ∗`m(qˆ) , (B.2)
where the symbol ⨋ indicates that for positive curvature the integral over q has to be
replaced by a sum. At initial time the power spectrum of the curvature perturbationR is defined as ⟨R(k)R∗(k′)⟩ = PR(k)δ(k − k′), and the dimensionless initial power
spectrum as PR(k) = k32pi2PR(k). The power spectrum cross-correlating the scalars X
and Y is then obtained in terms of transfer functions ∆X,Y` (q, z) as
⟨aX`m(z) (aY`m(z′))∗⟩ = 4pi⨋ dqq ∆X` (q, z)∆Y` (q, z′)P˜R(q)= 4pi⨋ dk
k
∆X` (q, z)∆Y` (q, z′)PR(k) , (B.3)
where we define P˜R(q) ≡ q2q2−KPR(k) and use q2 = k2 +K, hence kdk = qdq. In the last
integral the variable q is a function of k.
All the terms in eq. (2.52) can be expanded following the recipe outlined above.
The only terms requiring further discussion are those involving the velocity. To treat
them we recall that at linear order in perturbation theory [74] the decomposition of the
k-mode of a vector field is of the form
vi = V (k) (−1
k
∂iQq(x)) , (B.4)
were we only consider scalar modes. Then, using −n⋅∇ = ∂r and χ = √∣K ∣r, the expansion
of terms proportional to n ⋅ v reads for each k-mode can be written as
n ⋅ v = Θ(k)
k
⎛⎝
√∣K ∣
k
∂
∂χ
Qq(x)⎞⎠ , (B.5)
where we define Θ(k) ≡ kV (k) as in [96] to match the notation of the class code. In
the same way we can write
∂r(n ⋅ v) = Θ(k)( ∣K ∣
k2
∂2
∂χ2
Qq(x)) . (B.6)
Expressing the eigenfunctions Qq(x) in terms of hyperspherical Bessel functions Φκ` ≡ jκ`
as in eq. (A.14), the terms n⋅v and ∂r(n⋅v) involve the functions jκ′` and jκ′′` , respectively,
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as one sees by comparing the equations written above with eq. (A.16-A.18). Finally, the
velocity term proportional to v, where v = −∇v, is a scalar and is expanded in terms of
jκ` . Comparing with eq. (B.4) we obtain for each k-mode v = v(k)Qq(x)
v(k) = V (k)/k . (B.7)
Adding all the terms of eq. (2.52) together we finally express the transfer function of
∆(n, z) as the sum of the following terms:
∆Deni` = ∫ τ0
0
dτWi b(z)SD jκ`
∆Redi` = ∫ τ0
0
dτ Wi ( 1
aH
)SΘ jκ′′`
∆Leni` = `(` + 1)∫ τ0
0
dτ WLi SΦ+Ψ jκ`
∆D1i` = ∫ τ0
0
dτ Wi
⎛⎝1+ H
′
aH2
+ 5s − fevo
k
+ cotK(χ)2 − 5s
aH
⎞⎠SΘ jκ′`
∆D2i` = ∫ τ0
0
dτ Wi (fevo − 3) aH
k2
SΘ j
κ
`
∆G1i` = ∫ τ0
0
dτ Wi SΨ j
κ
`
∆G2i` = −∫ τ0
0
dτ Wi (3 + H ′
aH2
− fevo + k cotK(χ)2 − 5s
aH
)SΦ jκ`
∆G3i` = ∫ τ0
0
dτ Wi ( 1
aH
)SΦ′ jκ`
∆G4i` = ∫ τ0
0
dτ WG4i SΦ+Ψ jκ`
∆G5i` = ∫ τ0
0
dτ WG5i S(Φ+Ψ) jκ′` . (B.8)
As in Ref. [73], the different contributions correspond to density (‘Den’), Kaiser redshift-
space distortions (‘Red’), lensing (‘Len’), Doppler (‘D1’, ‘D2’) and terms depending on
the gravitational potentials (‘G1’-‘G5’), respectively. For compactness we have omitted
the arguments q for the transfer functions, (τ, q) for the source functions, χ for the
generalized Bessel functions, and τ for selection and background functions. The index
i refers to the redshift bin around reference redshift zi and Wi is a normalized window
function over the bin. Note that we use the functions jκ` , j
κ′
` , j
κ′′
` , sinK , cotK defined
in eq. (A.16)-(A.20). For the integrated terms ‘Len’, G4 and G5, we have defined the
modified window functions
WLi (τ) = −∫ τ
0
dτ˜Wi(τ˜) (2 − 5s
2
) k sinK(χ − χ˜)
sinK(χ)sinK(χ˜)
WG4i (τ) = ∫ τ
0
dτ˜Wi(τ˜)k cotK(χ˜)(2 − 5s) (B.9)
WG5i (τ) = ∫ τ
0
dτ˜Wi(τ˜)k (1 + H ′
aH2
+ k cotK(χ˜)2 − 5s
aH
+ 5s − fevo)
τ˜
.
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The corresponding expressions presented in [73] are recovered by taking the flat space
limit and integrating by parts ∆G5i` (neglecting boundary terms since they vanish as
τ → 0 and are unobservable for τ = τ0) and redefining consistently ∆G1i` and ∆G2i` so
that the sum of these transfer functions coincides with the form considered in classgal.
C Luminosity distance
We derive the luminosity distance for the metric (2.2) to first order in perturbation
theory. In any metric, the (angular diameter) distance is determined by the Sachs
focussing equation [97, 98]
d2DA
dλ2
= − (R + ∣σ∣2)DA (C.1)
with final conditions
DA (λo) = 0 and dDA (λ)
dλ
∣
λ=λo = nµuµ∣λ=λo ≡ −ωo (C.2)
where R = 1
2
Rµνn
µnν (C.3)
and σ is the complex shear of the light bundle defined as
σ = 1
2
g (,∇n) with  ≡ e1 + ie2 . (C.4)
Here e1 and e2 are orthonormal vectors, which are normal to both u and n at the observer
position and parallel transported along the light-like geodesic parametrized by n. They
form the so called ‘screen’ of the light bundle. The distances D˜A and DA of conformally
related metric ds˜2 and ds2 = (1 + z¯)2ds˜2, respectively, are simply connected through
D˜A = (1 + z¯)−1DA and D˜L = (1 + z¯)DL . (C.5)
Here we have used the Etherington’s reciprocity relation [99], DL = (1 + z)2DA. It is
known [100] that the light shear σ vanishes for conformally flat spacetimes. This is
trivially the case for K = 0 at the background level. More interesting, it is well known
that also the K ≠ 0 cases are conformally flat (see, e.g. problem 5 in chapter V of [101] or,
more recently, [102]). This means, that at linear order, we need to solve perturbatively
d2DA
dλ2
= −RDA (C.6)
where, adopting the conformal metric ds2 = −(1 + 2Ψ)dτ2 + (1 − 2Φ)γijdxidxj we have,
R = K + 1
2
∇2Ψ + Φ¨ + 2n ⋅ ∇Φ˙ − 2Kδnr + 1
2
∇2Φ + 1
2
(n ⋅ ∇)2 (Φ −Ψ)
= K − 2Kδnr + d2Φ
dλ2
+ 1
2S2K
∆Ω (Ψ +Φ) + S′K
SK
(Ψ˙ + Φ˙) − S′K
SK
d
dλ
(Ψ +Φ) . (C.7)
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For the second equality we have used repetitively the chain rule (2.11). This we will be
convenient to simplify the final expression.
At the background level eq. (C.6) reduces to
d2D¯A
dλ2
= −R¯D¯A = −KD¯A (C.8)
which is solved by
D¯A = SK (λo − λ) . (C.9)
Then, at first order, we have obtain the following equation for δDA:
d2δDA
dλ2
+ R¯δDA = −D¯AδR . (C.10)
which is solved by
δDA = −ω(1)o SK (λo − λ) − ∫ λo
λ
SK (λo − λ′)SK (λ′ − λ) δR (λ′)dλ′ , (C.11)
where ω
(1)
o denotes the first order part of ωo defined in eq. (C.2). We express the distance
in terms of the conformal time τ instead of the affine parameter λ using
dτ
dλ
= n0 = 1 + δn0 (λ) (C.12)
and expanding
SK (λo − λ) = SK (r) [1 − S′K (r)
SK (r) ∫ τoτ δn0 (τ ′)dτ ′] . (C.13)
With this we obtain
DA = SK (r) [1 − ω(1)o − S′K (r)SK (r) ∫ τoτ δn0 (τ ′)dτ ′ − ∫ τoτ SK (r′)SK (r′)SK (r) δR (τ ′)dτ ′] .
(C.14)
The luminosity distance is related to the angular diameter distance through
DL = (1 + δz)2DA = SK (r) [1 + 2δz − ω(1)o − S′K (r)SK (r) ∫ τoτ δn0 (τ ′)dτ ′
−∫ τo
τ
SK (r′)SK (r′)
SK (r) δR (τ ′)dτ ′] . (C.15)
Then, we include the expansion of the universe just considering the conformal metrics ds2
and ds˜2, as shown in eq. (C.5). The last step consists in writing the luminosity distance
in terms of the true observable redshift instead of conformal time, or the unphysical
background redshift. Following the approach of Ref. [103] we compute
D˜L (τs,n) = D˜L (t (z¯s) ,n) ≡ D˜L (z¯s,n) = D˜L (z˜s,n) − d
dz˜
D˜L (z˜,n)∣
z˜=z¯ δz˜ , (C.16)
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with
d
dz˜
D˜L (z˜,n)∣
z˜=z¯ = ddz¯ D˜L (z¯,n) + first order = D˜L1 + z¯ (1 + S′K (r)SK (r) (1 + z¯)H ) + first order ,
(C.17)
where δz˜ = (1 + z¯) δz. This relates D˜L (z¯,n) with D˜L (z,n), where from now we denote
the true observed redshift simply with z instead of z˜ and leads to
D˜L (z,n) = (1 + z)SK (r) [1 + δz (1 − S′K (r)HSK (r)) − ω(1)o − S′K (r)SK (r) ∫ τoτ δk0 (τ ′)dτ ′
−∫ τo
τ
SK (r′)SK (r′)
SK (r) δR (τ ′)dτ ′] . (C.18)
To write the luminosity distance explicitly in terms of the metric perturbations and
peculiar velocities, we use
δz = −(Ψ + n ⋅ v + ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′) , (C.19)
ω(1)o = −δn0o , (C.20)∫ τo
τ
δn0 (τ ′)dτ ′ = (τo − τ) δn0o − ∫ τo
τ
dτ ′∫ τo
τ ′ (Ψ˙ + Φ˙)dτ ′′ − 2∫ τoτ Ψdτ ′ , (C.21)
δnr = δnro − ∫ τo
τ
(∂r (Φ −Ψ) − 2Φ˙)dτ ′ = δnro + ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′ − (Φ −Ψ) .
(C.22)
After some simplifications we then obtain the following expression for the perturbed
luminosity distance in a spatially curved Friedmann Universe:
D˜L (z,n) = (1 + z)SK (r) [1 − (Ψ + n ⋅ v + ∫ τo
τ
(Ψ˙ + Φ˙)dτ ′)(1 − S′K (r)HSK (r))
+S′K (r)
SK (r) ∫ τoτ (Ψ +Φ)dτ ′ − ∫ τoτ SK (r − r′)SK (r)SK (r′)∆Ω (Ψ +Φ2 )dτ ′ −Φ] .
(C.23)
D Forecast specifications
In this section we summarize our forecast specifications and techniques. We assume
FLRW background described by the following fiducial values Ωb = 0.05, Ωcdm = 0.25,
ΩK = 0, w0 = −1 for the baryon, cold dark matter and curvature parameters, dark energy
equation of state and sound speed, respectively. The dimensionless Hubble parameter
is set to h = 0.67. All other standard ΛCDM cosmological parameters are set to values
consistent with Planck [18] (however we neglect neutrino masses). When varying the
curvature parameter, we re-scale the dark energy one (when considering a cosmological
constant, we also use the notation ΩΛ instead of Ωde) according to
Ωde = 1 −ΩK −Ωm , (D.1)
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Figure 9. Left: redshift distribution of galaxies for 0.05 < z < 2; except when stressed differently,
we group galaxies into 5 redshift bins of equal width, assuming a good redshift resolution. Right:
galaxy (solid) and magnification (dashed) biases.
where Ωm = Ωb +Ωcdm, which is consistent with neglecting the neutrino masses.
We assume specifications consistent with a SKA-like survey as presented in [82, 83].
In figure 9 we summarize our specifications [60, 82, 83]:
dN
dzdΩ
= (180
pi
)2 10c1zc2 exp (−c3z) (D.2)
for 0.05 < z < 2.0 ,
fsky = 0.73 , (D.3)
b(z) = c4 exp (c5z) , (D.4)
s(z) = c6 + c7 exp (−c8z) , (D.5)
where c1 = 6.7767, c2 = 2.1757, c3 = 6.6874, c4 = 0.5887, c5 = 0.8130, c6 = 0.9329,
c7 = −1.5621, c8 = 2.4377. The number of galaxies per redshift and per steradian is
indicated by dN/dz/dΩ. We divide the total redshift range in 5 redshift bins. The sky
coverage of the survey is given by fsky. The magnification bias is consistent with the
5 µJy sensitivity [82]. Given the spectroscopic redshift determination, we use tophat
redshift bins. We assume constant galaxy and magnification bias within each redshift
bin.
To estimate error contours, we compute a series of angular auto- (within the ith−ith
bin) and cross- (ith − jth , for i ≠ j) power spectra, C`(zi, zj), in 5 different redshift bins.
We evaluate the covariance as (see e.g. [86, 87]):
CovC` [(ij),(pq)] = C˜(ip)` C˜(jq)` + C˜(iq)` C˜(jp)`(2` + 1)fsky , (D.6)
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and the observed correlations include shot noise,
C˜` = Cij` + δijNi , (D.7)
where Ni denotes the number of sources per steradian in the ith bin. An optimal binning
in `-space, ∆`, should be introduced to consider the covariance block-diagonal in mul-
tipoles [86, 104], but we verified that it does not affect our results. The Fisher matrix
elements are given by:
Fαβ = ∑` ∑(ij)(pq) ∂C
ij
`
∂θα
∂Cpq`
∂θβ
Cov−1C` [(ij),(pq)] , (D.8)
where θα(β) is the α(β)-th cosmological parameter, and we sum over ` up to 300 (unless
stated differently). The second sum is over the matrix indices (ij) with i ≤ j and(pq) with p ≤ q which run from 1 to the total number of bins (when all bin auto-
and cross-correlations are taken into account). Note that, when neglecting some of the
bin correlations (e.g., neglecting cross-correlations), the covariance matrix must be first
reduced to include only the correlations (ij), (pq) which are considered in the Fisher
matrix (e.g., only i = j and p = q if cross-correlations are neglected) and then the resulting
covariance must be inverted.
We assume that the fiducial Universe is described by the full relativistic spectra
Crel` . Assuming the approximate Newtonian formalism and C
nwt
` spectra, where only
density and redshift space distortion terms are included, may lead to a bias in the error
estimation, as well as in the best-fit values. We estimate the shift in the best-fit values
due to the wrong model assumption as in [105–108]. We define the systematic error as
∆C` = Crel` −Cnwt` . Then the statistical bias on the best-fit is given by:
∆θα =∑
β
[(F nwt)−1]
αβ
Bβ , (D.9)
where F nwt is obtained by replacing the full relativistic spectra in eq. (D.8) by the
Newtonian ones Cnwt` , and:
Bβ = ∑(ij)(pq)∑`∆Cij` ∂C
nwt pq
`
∂θβ
Cov−1Cnwt
` [(ij),(pq)] . (D.10)
This approximation neglects the fact that the systematical error also affects the co-
variance CovCnwt
` [(ij),(pq)] . Furthermore, it has also been assumed that the bias is small
compared to the marginal errors. This in general not the case as correlations between
redshift bins can be dominated by integrated terms like the lensing convergence.
References
[1] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, Non-gaussianity from inflation:
Theory and observations, Phys.Rept. 402 (2004) 103–266, [astro-ph/0406398].
– 31 –
[2] E. Komatsu, Hunting for primordial non-gaussianity in the cosmic microwave
background, Class.Quant.Grav. 27 (2010) 124010, [arXiv:1003.6097].
[3] Planck Collaboration, P. A. R. Ade et al., Planck 2015 results. XVII. Constraints on
primordial non-Gaussianity, arXiv:1502.01592.
[4] S. Matarrese, L. Verde, and R. Jimenez, The abundance of high-redshift objects as a probe
of non-gaussian initial conditions, Astrophys.J. 541 (2000) 10, [astro-ph/0001366].
[5] N. Dalal, O. Dore, D. Huterer, and A. Shirokov, The imprints of primordial
non-gaussianities on large-scale structure: scale dependent bias and abundance of
virialized objects, Phys.Rev. D77 (2008) 123514, [arXiv:0710.4560].
[6] S. Matarrese and L. Verde, The effect of primordial non-Gaussianity on halo bias,
Astrophys.J. 677 (2008) L77–L80, [arXiv:0801.4826].
[7] A. Raccanelli, O. Dore, and N. Dalal, Optimization of spectroscopic surveys for testing
non-Gaussianity, arXiv:1409.1927.
[8] R. de Putter and O. Dore´, Designing an inflation galaxy survey: how to measure
σ(fnl) ∼ 1 using scale-dependent galaxy bias, arXiv:1412.3854.
[9] M. Alvarez et al., Testing Inflation with Large Scale Structure: Connecting Hopes with
Reality, arXiv:1412.4671.
[10] A. Raccanelli, F. Montanari, D. Bertacca, O. Dore´, and R. Durrer, Cosmological
Measurements with General Relativistic Galaxy Correlations, arXiv:1505.06179.
[11] J.-Q. Xia, M. Viel, C. Baccigalupi, G. D. Zotti, S. Matarrese, and L. Verde, Primordial
non-gaussianity and the nrao vla sky survey, Astrophys. J. 717 (2010) L17,
[arXiv:1003.3451].
[12] Y. Mao, A. D’Aloisio, J. Zhang, and P. R. Shapiro, Primordial non-Gaussianity
estimation using 21 cm tomography from the epoch of reionization, Phys.Rev. D88
(2013), no. 8 081303, [arXiv:1305.0313].
[13] A. Raccanelli et al., Probing primordial non-Gaussianity via iSW measurements with
SKA continuum surveys, JCAP 1501 (2015) 042, [arXiv:1406.0010].
[14] BICEP2 Collaboration, P. A. R. Ade et al., Detection of B-Mode Polarization at Degree
Angular Scales by BICEP2, Phys. Rev. Lett. 112 (2014), no. 24 241101,
[arXiv:1403.3985].
[15] BICEP2 Collaboration, Planck Collaboration Collaboration, P. Ade et al., A Joint
Analysis of BICEP2/Keck Array and Planck Data, Phys.Rev.Lett. (2015)
[arXiv:1502.00612].
[16] Planck Collaboration Collaboration, P. Ade et al., Planck 2015. XX. Constraints on
inflation, arXiv:1502.02114.
[17] WMAP Collaboration, G. Hinshaw et al., Nine-Year Wilkinson Microwave Anisotropy
Probe (WMAP) Observations: Cosmological Parameter Results, Astrophys. J. Suppl.
208 (2013) 19, [arXiv:1212.5226].
[18] Planck Collaboration, P. A. R. Ade et al., Planck 2015 results. XIII. Cosmological
parameters, arXiv:1502.01589.
– 32 –
[19] A. G. Sanchez et al., The clustering of galaxies in the SDSS-III Baryon Oscillation
Spectroscopic Survey: cosmological implications of the large-scale two-point correlation
function, Mon. Not. Roy. Astron. Soc. 425 (2012) 415, [arXiv:1203.6616].
[20] A. D. Linde, Can we have inflation with Omega > 1?, JCAP 0305 (2003) 002,
[astro-ph/0303245].
[21] A. Linde, Inflationary cosmology after planck 2013, arXiv:1402.0526.
[22] A. H. Guth and Y. Nomura, What can the observation of nonzero curvature tell us?,
Phys. Rev. D86 (2012) 023534, [arXiv:1203.6876].
[23] A. H. Guth, D. I. Kaiser, and Y. Nomura, Inflationary paradigm after planck 2013, Phys.
Lett. B 733 (2014): 112-119 (12, 2013) [arXiv:1312.7619].
[24] J. Gott, Creation of Open Universes from de Sitter Space, Nature 295 (1982) 304–307.
[25] M. Kamionkowski and D. N. Spergel, Large-angle cosmic microwave background
anisotropies in an open universe, Astrophys.J. 432 (1994) 7, [astro-ph/9312017].
[26] M. Kamionkowski, B. Ratra, D. N. Spergel, and N. Sugiyama, Cbr anisotropy in an open
inflation, cdm cosmogony, Astrophys.J. 434 (1994) L1–L4, [astro-ph/9406069].
[27] A. D. Linde, Eternal inflation with Omega not = 1, in
Physics. Proceedings, 2nd International A.D. Sakharov Conference, Moscow, Russia, May 20-24, 1996,
1996.
[28] M. Bucher, A. S. Goldhaber, and N. Turok, An open universe from inflation, Phys.Rev.
D52 (1995) 3314–3337, [hep-ph/9411206].
[29] A. D. Linde, Quantum creation of an open inflationary universe, Phys.Rev. D58 (1998)
083514, [gr-qc/9802038].
[30] B. Freivogel, M. Kleban, M. R. Martinez, and L. Susskind, Observational consequences of
a landscape, JHEP 0603 (2006) 039, [hep-th/0505232].
[31] P. Bull and M. Kamionkowski, What if Planck’s Universe isn’t flat?, Phys.Rev. D87
(2013), no. 8 081301, [arXiv:1302.1617].
[32] M. Kamionkowski, D. N. Spergel, and N. Sugiyama, Small-scale cosmic microwave
background anisotropies as a probe of the geometry of the universe, Astrophys.J. 426
(1994) L57, [astro-ph/9401003].
[33] G. Jungman, M. Kamionkowski, A. Kosowsky, and D. N. Spergel, Weighing the universe
with the cosmic microwave background, Phys.Rev.Lett. 76 (1996) 1007–1010,
[astro-ph/9507080].
[34] M. Takada and O. Dore, Geometrical constraint on curvature with bao experiments,
Phys. Rev. D 92 (2015) 123518, [arXiv:1508.02469].
[35] A. van Engelen et al., A measurement of gravitational lensing of the microwave
background using South Pole Telescope data, Astrophys. J. 756 (2012) 142,
[arXiv:1202.0546].
[36] G.-B. Zhao et al., The clustering of galaxies in the SDSS-III Baryon Oscillation
Spectroscopic Survey: weighing the neutrino mass using the galaxy power spectrum of the
CMASS sample, Mon. Not. Roy. Astron. Soc. 436 (2013) 2038–2053, [arXiv:1211.3741].
– 33 –
[37] A. G. Sanchez, F. Montesano, E. A. Kazin, E. Aubourg, F. Beutler, et al., The clustering
of galaxies in the SDSS-III Baryon Oscillation Spectroscopic Survey: cosmological
implications of the full shape of the clustering wedges, Mon.Not.Roy.Astron.Soc. 433
(2013) 1202–1222, [arXiv:1312.4854].
[38] E. A. Kazin, J. Koda, C. Blake, and N. Padmanabhan, The WiggleZ Dark Energy
Survey: Improved Distance Measurements to z = 1 with Reconstruction of the Baryonic
Acoustic Feature, Mon.Not.Roy.Astron.Soc. 441 (2014) 3524, [arXiv:1401.0358].
[39] Supernova Search Team Collaboration, A. G. Riess et al., Type Ia supernova
discoveries at z ¿ 1 from the Hubble Space Telescope: Evidence for past deceleration and
constraints on dark energy evolution, Astrophys. J. 607 (2004) 665–687,
[astro-ph/0402512].
[40] R. R. Caldwell and M. Kamionkowski, Expansion, geometry, and gravity, JCAP 0409
(2004) 009, [astro-ph/0403003].
[41] M. Vardanyan, R. Trotta, and J. Silk, How flat can you get? a model comparison
perspective on the curvature of the universe, Mon.Not.Roy.Astron.Soc. 397 (2009)
431–444, [arXiv:0901.3354].
[42] SKA Cosmology SWG Collaboration, R. Maartens, F. B. Abdalla, M. Jarvis, and
M. G. Santos, Overview of Cosmology with the SKA, PoS AASKA14 (2015) 016,
[arXiv:1501.04076].
[43] O. Dore´ et al., Cosmology with the SPHEREX All-Sky Spectral Survey,
arXiv:1412.4872.
[44] PFS Team Collaboration, R. Ellis et al., Extragalactic science, cosmology, and Galactic
archaeology with the Subaru Prime Focus Spectrograph, Publ. Astron. Soc. Jap. 66
(2014), no. 1 R1, [arXiv:1206.0737].
[45] D. Spergel et al., Wide-Field InfraRed Survey Telescope-Astrophysics Focused Telescope
Assets WFIRST-AFTA Final Report, arXiv:1305.5422.
[46] EUCLID Collaboration, R. Laureijs et al., Euclid Definition Study Report,
arXiv:1110.3193.
[47] J. Yoo, A. L. Fitzpatrick, and M. Zaldarriaga, A New Perspective on Galaxy Clustering
as a Cosmological Probe: General Relativistic Effects, Phys.Rev. D80 (2009) 083514,
[arXiv:0907.0707].
[48] J. Yoo, General relativistic description of the observed galaxy power spectrum: Do we
understand what we measure?, Phys.Rev.D 82 (2010) 083508, [arXiv:1009.3021].
[49] C. Bonvin and R. Durrer, What galaxy surveys really measure, Phys.Rev. D84 (2011)
063505, [arXiv:1105.5280].
[50] A. Challinor and A. Lewis, The linear power spectrum of observed source number counts,
Phys.Rev. D84 (2011) 043516, [arXiv:1105.5292].
[51] D. Bertacca, R. Maartens, A. Raccanelli, and C. Clarkson, Beyond the plane-parallel and
newtonian approach: Wide-angle redshift distortions and convergence in general
relativity, JCAP10(2012)025 (05, 2012) [arXiv:1205.5221].
[52] D. Jeong, F. Schmidt, and C. M. Hirata, Large-scale clustering of galaxies in general
relativity, 2012, PRD 85, 023504 (07, 2011) [arXiv:1107.5427].
– 34 –
[53] A. Raccanelli, D. Bertacca, O. Dore´, and R. Maartens, Large-scale 3D galaxy correlation
function and non-Gaussianity, JCAP 1408 (2014) 022, [arXiv:1306.6646].
[54] A. Raccanelli, D. Bertacca, R. Maartens, C. Clarkson, and O. Dore´, Lensing and
time-delay contributions to galaxy correlations, arXiv:1311.6813.
[55] L. Lombriser, J. Yoo, and K. Koyama, Relativistic effects in galaxy clustering in a
parametrized post-Friedmann universe, Phys.Rev. D87 (2013) 104019,
[arXiv:1301.3132].
[56] A. Raccanelli, D. Bertacca, D. Pietrobon, F. Schmidt, L. Samushia, N. Bartolo, O. Dore,
S. Matarrese, and W. J. Percival, Testing Gravity Using Large-Scale Redshift-Space
Distortions, arXiv:1207.0500.
[57] A. Raccanelli, Testing gravity on Large Scales, EPJ Web Conf. 58 (2013) 02013.
[58] D. Alonso, P. Bull, P. G. Ferreira, R. Maartens, and M. Santos, Ultra large-scale
cosmology in next-generation experiments with single tracers, Astrophys. J. 814 (2015),
no. 2 145, [arXiv:1505.07596].
[59] T. Baker and P. Bull, Observational signatures of modified gravity on ultra-large scales,
Astrophys. J. 811 (2015) 116, [arXiv:1506.00641].
[60] F. Montanari and R. Durrer, Measuring the lensing potential with tomographic galaxy
number counts, JCAP 1510 (2015), no. 10 070, [arXiv:1506.01369].
[61] J. Fonseca, S. Camera, M. Santos, and R. Maartens, Hunting down horizon-scale effects
with multi-wavelength surveys, Astrophys. J. 812 (2015), no. 2 L22, [arXiv:1507.04605].
[62] E. Di Dio, R. Durrer, G. Marozzi, and F. Montanari, Galaxy number counts to second
order and their bispectrum, JCAP 1412 (2014) 017, [arXiv:1407.0376]. [Erratum:
JCAP1506,no.06,E01(2015)].
[63] E. Di Dio, R. Durrer, G. Marozzi, and F. Montanari, The bispectrum of relativistic
galaxy number counts, JCAP 1601 (2016) 016, [arXiv:1510.04202].
[64] A. Kehagias, A. M. Dizgah, J. Noren˜a, H. Perrier, and A. Riotto, A Consistency
Relation for the Observed Galaxy Bispectrum and the Local non-Gaussianity from
Relativistic Corrections, JCAP 1508 (2015), no. 08 018, [arXiv:1503.04467].
[65] P. McDonald, Gravitational redshift and other redshift-space distortions of the imaginary
part of the power spectrum, JCAP 0911 (2009) 026, [arXiv:0907.5220].
[66] C. Bonvin, L. Hui, and E. Gaztanaga, Asymmetric galaxy correlation functions, Phys.
Rev. D89 (2014), no. 8 083535, [arXiv:1309.1321].
[67] V. Irsˇicˇ, E. Di Dio, and M. Viel, Relativistic effects in Lyman-α forest, JCAP 1602
(2016), no. 02 051, [arXiv:1510.03436].
[68] C. Bonvin, L. Hui, and E. Gaztanaga, Optimising the measurement of relativistic
distortions in large-scale structure, arXiv:1512.03566.
[69] E. Gaztanaga, C. Bonvin, and L. Hui, Measurement of the dipole in the cross-correlation
function of galaxies, arXiv:1512.03918.
[70] J. Lesgourgues, The Cosmic Linear Anisotropy Solving System (CLASS) I: Overview,
arXiv:1104.2932.
– 35 –
[71] D. Blas, J. Lesgourgues, and T. Tram, The Cosmic Linear Anisotropy Solving System
(CLASS) II: Approximation schemes, JCAP 1107 (2011) 034, [arXiv:1104.2933].
[72] J. Lesgourgues and T. Tram, Fast and accurate CMB computations in non-flat FLRW
universes, JCAP 1409 (2014), no. 09 032, [arXiv:1312.2697].
[73] E. Di Dio, F. Montanari, J. Lesgourgues, and R. Durrer, The CLASSgal code for
Relativistic Cosmological Large Scale Structure, JCAP 1311 (2013) 044,
[arXiv:1307.1459].
[74] R. Durrer, The Cosmic Microwave Background. Cambridge University Press, 2008.
[75] T. Baldauf, U. Seljak, L. Senatore, and M. Zaldarriaga, Galaxy Bias and non-Linear
Structure Formation in General Relativity, JCAP 1110 (2011) 031, [arXiv:1106.5507].
[76] D. Jeong, F. Schmidt, and C. M. Hirata, Large-scale clustering of galaxies in general
relativity, Phys.Rev. D85 (2012) 023504, [arXiv:1107.5427].
[77] M. Bartelmann and P. Schneider, Weak gravitational lensing, Phys. Rept. 340 (2001)
291–472, [astro-ph/9912508].
[78] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions. Dover
Publications, 1972.
[79] W. Hu, U. Seljak, M. J. White, and M. Zaldarriaga, A complete treatment of CMB
anisotropies in a FRW universe, Phys.Rev. D57 (1998) 3290–3301, [astro-ph/9709066].
[80] L. Abbott and R. K. Schaefer, A General, Gauge Invariant Analysis of the Cosmic
Microwave Anisotropy, Astrophys.J. 308 (1986) 546.
[81] F. B. Abdalla, P. Bull, S. Camera, A. Benoit-Le´vy, B. Joachimi, D. Kirk, H.-R.
Klo¨ckner, R. Maartens, A. Raccanelli, M. G. Santos, G.-B. Zhao, and C. SWG,
Cosmology from hi galaxy surveys with the ska, arXiv:1501.04035.
[82] S. Camera, M. G. Santos, and R. Maartens, Probing primordial non-gaussianity with ska
galaxy redshift surveys: a fully relativistic analysis, MNRAS 448 (2015) 1035,
[arXiv:1409.8286].
[83] M. G. Santos, D. Alonso, P. Bull, M. Silva, and S. Yahya, HI galaxy simulations for the
SKA: number counts and bias, arXiv:1501.03990.
[84] T. Matsubara, The gravitational lensing in redshift-space correlation functions of galaxies
and quasars, Astrophys. J. 537 (2000) L77, [astro-ph/0004392].
[85] M. LoVerde, L. Hui, and E. Gaztanaga, Lensing corrections to features in the angular
two-point correlation function and power spectrum, Phys. Rev. D77 (2008) 023512,
[arXiv:0708.0031].
[86] J. Asorey, M. Crocce, E. Gaztanaga, and A. Lewis, Recovering 3D clustering information
with angular correlations, Mon.Not.Roy.Astron.Soc. 427 (2012) 1891,
[arXiv:1207.6487].
[87] E. Di Dio, F. Montanari, R. Durrer, and J. Lesgourgues, Cosmological Parameter
Estimation with Large Scale Structure Observations, JCAP 1401 (2014) 042,
[arXiv:1308.6186].
[88] G. Ballesteros and J. Lesgourgues, Dark energy with non-adiabatic sound speed: initial
conditions and detectability, JCAP 1010 (2010) 014, [arXiv:1004.5509].
– 36 –
[89] A. Raccanelli, D. Bertacca, D. Jeong, M. C. Neyrinck, and A. S. Szalay, Doppler term in
the galaxy two-point correlation function: wide-angle, velocity, doppler lensing and
cosmic acceleration effects, arXiv:1602.03186.
[90] J. Yoo, N. Hamaus, U. Seljak, and M. Zaldarriaga, Testing general relativity on horizon
scales and the primordial non-gaussianity, Phys.Rev.D 86 (2012) 063514,
[arXiv:1109.0998].
[91] D. Alonso and P. G. Ferreira, Constraining ultralarge-scale cosmology with multiple
tracers in optical and radio surveys, Phys. Rev. D92 (2015), no. 6 063525,
[arXiv:1507.03550].
[92] W. Cardona, R. Durrer, M. Kunz, and F. Montanari, Lensing convergence in galaxy
redshift surveys, arXiv:1603.06481.
[93] T. Tram, Computation of hyperspherical Bessel functions, arXiv:1311.0839.
[94] L. Dai, M. Kamionkowski, and D. Jeong, Total Angular Momentum Waves for Scalar,
Vector, and Tensor Fields, Phys.Rev. D86 (2012) 125013, [arXiv:1209.0761].
[95] A. R. Liddle and M. Corteˆs, Cosmic microwave background anomalies in an open
universe, Phys.Rev.Lett. 111 (2013), no. 11 111302, [arXiv:1306.5698].
[96] C.-P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and
conformal Newtonian gauges, Astrophys.J. 455 (1995) 7–25, [astro-ph/9506072].
[97] J. E. P. Schneider and E. Falco, Gravitational lenses. Springer Verlag, 1992.
[98] N. Straumann, General relativity with applications to astrophysics. Springer Verlag,
2004.
[99] I. M. H. Etherington, On the Definition of Distance in General Relativity., Philosophical
Magazine 15 (1933) 761.
[100] S. Seitz, P. Schneider, and J. Ehlers, Light propagation in arbitrary space-times and the
gravitational lens approximation, Class.Quant.Grav. 11 (1994) 2345–2374,
[astro-ph/9403056].
[101] C. d. W.-M. Y . Choquet-Bruhat and M. Dillard-Bleick, Analysis, Manifolds and
Physics. Noth-Holland, 1977.
[102] M. Iihoshi, S. V. Ketov, and A. Morishita, Conformally flat FRW metrics,
Prog.Theor.Phys. 118 (2007) 475–489, [hep-th/0702139].
[103] C. Bonvin, R. Durrer, and M. A. Gasparini, Fluctuations of the luminosity distance,
Phys.Rev. D73 (2006) 023523, [astro-ph/0511183].
[104] M. Crocce, A. Cabre, and E. Gaztanaga, Modeling the angular correlation function and
its full covariance in Photometric Galaxy Surveys, Mon.Not.Roy.Astron.Soc. 414 (2011)
329–349, [arXiv:1004.4640].
[105] L. Knox, R. Scoccimarro, and S. Dodelson, The Impact of inhomogeneous reionization on
cosmic microwave background anisotropy, Phys. Rev. Lett. 81 (1998) 2004–2007,
[astro-ph/9805012].
[106] A. F. Heavens, T. Kitching, and L. Verde, On model selection forecasting, Dark Energy
and modified gravity, Mon.Not.Roy.Astron.Soc. 380 (2007) 1029–1035,
[astro-ph/0703191].
– 37 –
[107] T. Kitching, A. Amara, F. Abdalla, B. Joachimi, and A. Refregier, Cosmological
Systematics Beyond Nuisance Parameters : Form Filling Functions,
Mon.Not.Roy.Astron.Soc. 399 (2009) 2107, [arXiv:0812.1966].
[108] S. Camera, R. Maartens, and M. G. Santos, Einstein’s legacy in galaxy surveys, Mon.
Not. Roy. Astron. Soc. 451 (2015), no. 1 L80–L84, [arXiv:1412.4781].
– 38 –
